We study the Borel complexity of topological operations on closed subsets of computable metric spaces. The investigated operations include set theoretic operations as union and intersection, but also typical topological operations such as the closure of the complement, the closure of the interior, the boundary and the derivative of a set. These operations are studied with respect to different computability structures on the hyperspace of closed subsets. These structures include positive or negative information on the represented closed subsets. Topologically, they correspond to the lower or upper Fell topology, respectively, and the induced computability concepts generalize the classical notions of r.e. or co-r.e. subsets, respectively. The operations are classified with respect to effective measurability in the Borel hierarchy and it turns out that most operations can be located in the first three levels of the hierarchy, or they are not even Borel measurable at all. In some cases the effective Borel measurability depends on further properties of the underlying metric spaces, such as effective local compactness and effective local connectedness.
Introduction
In this paper we study the Borel complexity of set theoretic and topological operations such as
-Union: ∪ : A(X) × A(X) → A(X), (A, B) → A ∪ B, -Intersection: ∩ : A(X) × A(X) → A(X), (A, B) → A ∩ B, -Complement: c : A(X) → A(X), A → A c ,
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In those cases where the operations do not necessarily map to closed sets, we have to take additional closures (so strictly speaking the operations should be called "closure of the complement" and so on). These operations are typically defined on the hyperspace A(X) of closed subsets A ⊆ X of some computable metric space X. We represent A(X) with respect to positive, negative or full information and the question is in which sense these operations are computable or relatively computable. The corresponding representations are denoted by ψ + , ψ − and ψ and the induced notions of computability are generalizations of the classical concepts of r.e., co-r.e. and recursive sets. We assume familiarity with basic notions of the representation based approach to computable analysis, as it is presented in [1]. The above mentioned representations are discussed in [2] .
In many cases it turns out that the above mentioned operations are not computable and not even continuous. In such a situation it is desirable to classify the degree of non-computability of these operations. The most appropriate way to classify this degree is a classification with respect to the Borel hierarchy. [8, 9, 10] Christensen has discussed and partially characterized the Borel measurability of some of these operations. In [11] computability properties of some of these operations has been discussed (restricted to compact subsets of Euclidean space) and finally in [12] the Borel complexity of these operations for closed subsets of Euclidean space has been characterized with respect to some representations. In this paper we attempt to collect these results and to characterize the Borel complexity of these operations more precisely and in a more comprehensive way for the general case of computable metric spaces X.
We close the introduction with a brief survey on the following sections of this paper. In Section 2 we present some basic concepts from the representation approach to computable analysis and we state a version of the Representation Theorem for Borel measurable functions that shows that a function is Borel
